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Effect of thickness variation upon plates subjected to bending
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Summary

The variation of the plate thickness is an element that introduces a major difficulty
in solving the differential equations of the deformed middle surface, because the
plate rigidities are also variable.

In the paper, the effect of the thickness variation upon shear forces is presented.
These shear forces must be corrected by adding the shear stresses caused by
bending and twisting moments.

A physical interpretation is given to these corrections and the separation of effects
is also pointed out. There are also discussed the additional energy effects caused
by thickness variation.

KEYWORDS: Bending plates, variable thickness, effect of transverse shear
deformation, strain energy.
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1. INTRODUCTION

The plates with variable thickness are met in construction practice at diaphragms,
mats, piers, settlers, dams, cantilevered roofs etc.

The variation of the plate thickness introduces major difficulties in solving the
differential equations of the deformed middle surface, as the plate rigidity in
bending, D, is variable with the plate thickness, 4. In case of an unsymmetrical
thickness variation, following different equations for extrados and intrados, the
difficulties in solving the problem amplify. That is why the existent solutions in the
specialized literature are referring only to particular cases for plate rigidity,
supports and loading. In [1] the case of bending rigidity variable along a single
direction (D is a linear function in terms of y) is approached. The case was
analytical studied by using trigonometric series for the rectangular plate simply
supported along the whole contour. For the same case, in [2] there are mentioned
solutions of the problem by using the finite differences method for the differential
equation of the deformed middle surface.

INTERSEC

In [2] it is also discussed a solution obtained by substituting the actual thickness
(with linear variation along a single direction) by 10 step of constant thickness and
then expressing the displacement continuity conditions on the contact boundary.

The more recent approaches in this field are based on the finite element method
and on the boundary element method [3], [4], [5], [6], [7]-

The present paper presents the effect of thickness variation upon shear forces. A
physical interpretation of shear force corrections due to thickness variation is also
found.

2. THE DIFFERENTIAL EQUATION OF THE DEFORMED MIDDLE
SURFACE

All the assumptions adopted in the theory of thin plates of constant thickness are
valid. The rotations ¢, and ¢, of the normal lines to the middle plane are equal to
the variations of the deformed middle surface slopes in the considered direction,
due to Kirchhoff’s assumption (Figure 1).

A continuous and slow thickness variation is admitted, so that the relations for
bending and twisting moments valid for plates of constant thickness could be
applied in this case with enough accuracy [1], [2], [3], so:
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where the bending rigidity of the plate is variable
12(1-1?)
Fig. 1. A deformed segment of the bending plate
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The differential equilibrium equations remain under the well-known form:

an aQy
=t 4 = .
oy plr.y)
oM. oM,
X + = b 3
o o 0, ) 3)
oM oM
v -9 ¢)
ox Oy

The equation (3a) is differentiate with respect to x and the equation (3c) is
differentiate with respect to y. By adding the two obtained equations and taking
into account (3a), it results:

M, M, M,
+2 + 5
Ox oxoy Oy

The moments My, My, M are substituted by their expressions given by (1) [3]:

=—p(x,») 4)
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The differential equation of the deformed middle surface for plates with variable
thickness was obtained.

In equation (6) the differentiation operations are performed and the following
notations are considered:

oD , OD 0°D w 0°D ., 0°D

D'=—; D'=—; D'=—-; D" =—5; D" = (7)
ox oy ox oy Ox0y

The deformed middle surface equation can be written as [2]:
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When the thickness variation is only along one direction, as an example y, equation
(8) becomes:

* a *% *% 82
DAAW+ 2D Aw+ D" Aw—(1-v)D™ Z2 = p(x, ) )

oy ox

The few analytical solutions of equation (8) and (9), respectively have been
mentioned in introduction and they are referring to particular support and loading
cases.

The most frequent solutions are the approximate ones, based on numerical methods
(finite difference method, finite element method, boundary element method etc.)

3.THE EFFECT OF THICKNESS VARIATION ON SHEAR FORCES

The shear forces are expressed in terms of twisting and bending moments
derivatives, according to relations (3a) and (3b):

oM
o M. oM, oM, om, "
Ox oy Yoy Ox

These relations include the thickness variation, so that, substituting the moments
My, My, M, by relations (1), they must take into account the rigidity D variation. In
consequence, the two shear forces will be:
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The shear force vector {QO, Qy}T can be expressed under the following shape:

Article No.22, Intersections/Intersectii, Vol.2, 2005, No. 1, “Structural Mechanics”

x o o) oy oy "
2 2 2
0, =-2p[ LV, O] 0 p1oy) o
oy \ Oy ox ox Ox0y

29



AlONS

IN

ERSECTII

http://www.ce.tuiasi.ro/intersections

M. Vrabie, C. Martincu, N. Ungureanu, M. Ibanescu

oD oD

INTERSEC

ISSN 1582-3024

Q0 o Viwl 1| ox 0 kY M,
x| _ X 1 » y
{Qy}_ ? 0 i{vzw}JrD o o oD M, (12)
L ay_ dy ox M,
and respectively:
Eayy oh iy
Ol __p| Vil 3] ox s (13)
o o O|lviw |, o on|T
y _ 0 on oh M
L 9 | dy oOx ¢

The second term represents the influence of thickness variation on the shear force.
In the particular case, when the derivatives 0h/0Ox and Oh/Oy are constant, the

M M . .. .
shear stresses 7, and 7, have a linear variation over the plate thickness. In case

of a more refined analysis, the energy generated by the shear stresses on
corresponding shear strains can be introduced in the elastic strain energy stored by
the element.

4. PHYSICAL INTERPRETATION OF SHEAR FORCE CORRECTIONS
DUE TO THICKNESS VARIATION

A portion of a plate with continuous variable thickness and two sections parallel to
the coordinate planes x0z and y0z are considered. The plate thickness has the
direction of 0z axis in the local coordinate system and intersects the intrados and
extrados surfaces at point a and b, respectively. The bending moments, which
produce the tension of intrados fibers and compress the extrados ones, are
considered as positive (positive twisting moments are correspondingly introduced
according to stresses sign convention).

In the considered zone it is presumed that no surface forces exist, so that, the
stresses at the extreme points will be directed along the tangents to the surface lines
(Figure 2) [4].

The shear forces have two components, O’ and Q’, according to relation (13):

s

’
xz?

! ! . ’ .
The shear forces Q] and Qy are given by the stresses 7, , and 7, parabolic

distributed over the thickness, and having the maximum values at the middle

30
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surface level. The shear forces Q7 and Q) are determined by the shear stresses

resulted as a consequence of thickness variation, that is:
”n " " . r o __ " "
Ty :sz(Mx)+sz(Mt)’ 2-yz _Tyz(My)+ Tyz(Mt) (15)

The point a, located on the intrados surface, at the extremity of the intersection line
between the sections parallel to x0z plane and y0z plane, respectively and at this
point the section that has Ox axis as normal, are considered. The intersection line

ab marks the limits of the corresponding plate thickness, /4 = ab.

The stresses at point a, on the section that has as outward normal Ox axis are:

_ _ X . _ _ t
O-xa - meax - hz ’ z-xya - 2-xymax - h2 (16)

The projections of stresses at point a, tangent to the contour in 0z axis direction,
which is in fact the direction of thickness 4, are:

T” (Mx)+ T” (Mt): Uxatgaxa +7

xza xza xya tg a ya =

(ah) Oh (17)
=0 max A + TX max A
ax ), T ),

At a point located at a distance z from the middle surface, 7 have the expression:

y 2z Oh 2z Oh

Ty =0 ymax 75+ Ty max 75

(18)

By adding these stresses over the plate thickness, the shear force Q! is obtained:

hi/2 -h/2
Q! = [rldz+ jr;'zdz=§ Mx@+M,@ (19)
0 0 h ox oy

that is identical to those resulted in relation (13).

In Fig.2 a, b there are presented the distributions of stresses 7. (M R ), 7! (M t) that

follow a linear variation (considering 0k /0x and Oh/ Oy as being constant) and in

Fig. 2 ¢ the distribution of stresses 7. (Qx ) , that have a parabolic variation.
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Figure 2. The shear stresses generated by M , M ,,Q.
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5. ENERGY EFFECTS

The effect of thickness variation can be energetically pointed out, by including it in
the total strain energy of the shear forces O, and Q,. For this reason, the vector of
deformations in the local coordinate system, attached to a point of the middle
surface, is written as:

{e}= {j } = {%} e e, 7o iyt (20)

n gQ

where {6‘, } = {6‘ o } = {Ex €5 Y }T are the deformations in the plane tangent to the
middle  surface  (deformations produced by M,, M,, M,), and
{8n } = {8Q } = {}/xz . }T are deformations caused by transverse internal forces, as

the shear forces O, and Q, (corrected due to thickness variation).

Similarly the stress vector is divided, so that the constitutive equations in the local
coordinate system are:

Oy r [D M ] 0 :HgM }
Oy= = {O-xo-yrxy}ﬁ{rxzryz} = D &y= (21)
={7 -1 -l ol
where /D] is the material constitutive matrix.

For isotropic materials /D,,/ and /D] are:

A+2G A 0

e k,G 0
[D,]1=| 2 2+26 o} [p,]- 22)
0 k,G
0 0 G
where 4= 27 (23)
1-v

is the reduced Lame’s constant for the plane stress state;
E, G, v — the material elastic constants;

ko — correction coefficient due to the non-uniform distribution of transverse shear
stresses in x0z and y0z planes (for homogeneous materials ky = 5/6).

In the local coordinate system, the total strain energy of the plate can be expressed
as:
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v

where U, is the position energy of the applied loads.

6. CONCLUSIONS

Sometimes the plate thickness can be continuous variable over the plate surface or
over some of its areas. In a particular case, the thickness can be variable in steps, or
due to some stiffening elements. There are cases when equivalent systems (as
example, due to geometric orthotropy) become with variable thickness.

It is mentioned that the variable thickness does not modify the plate model, in the
case of the present paper, a thin plate. However, the thickness variation for plates
subjected to bending produces some effects expressed in the internal forces
relations and also in the energetic and variational approaches, frequently used in
such analyses.

Among these effects we can mention:

- the plate rigidities are variable because of thickness variation;

- the shear forces, as resultants of shear stresses, are influenced by the
bending and twisting moments, when the thickness is continuously variable;

- the thickness variation introduces corrections and additional effects,
respectively upon deformations and transverse stresses; in this paper, a geometric
interpretation has been given to this effect, also pointing out the effects separation;

- in the energy balance the effect of transverse deformation and the effect of
redundant stresses produced by the bending and twisting moments must be
introduced; the case studies show that for plates with variable thickness, having
slopes lying between 5% and 0%, the additional energetic effects and transverse
deformations effects increase with 7100% [4].
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