AlONS

INKE

INTERSEC

i
,4;‘55

ISSN 1582-3024

RSECTII

http://www.ce.tuiasi.ro/intersections

Finite elements in the analysis of open thin-walled bars subjected
to torsion

Mihaela Ibanescu' and Dan Diaconu-Sotropa'
IFaculty of Civil Engineering, Technical University “Gh. Asachi”, lagi, 700050, Romdnia

Abstract

The work presents the possibility of studying the problem of open thin-walled bars
subjected to torsion by using the finite element method. It is well known that in this
case the bar cross-section warps and the state of loading is restrained torsion. For
this reason, the force-displacement relation of the finite element is derived by using
third degree shape functions and fifth degree shape functions. Generally, the
higher order of shape functions yield to more accurate results.
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1. INTRODUCTION

A lot of structural members are made of thin walled open, closed or mixed bars.
Even component substructures of a building can be considered thin-walled bars, as
the central cores in the high-rise buildings. Their analysis involves a lot of complex
problems than can be more easily and accurately solved by using the finite element
method (MEF)

In this method, the thin-walled bars are divided into finite elements, their state of
loading being in the most cases combined bending and torsion.

Their effects can be individually considered and than superposed.

In the present paper there are presented two types of finite elements used in the
analysis of thin-walled open bars considered to be subjected only to torsion that is
in fact a restrained torsion, so that both effects of St. Venant torsion and warping
must be determined.

2. FINITE ELEMENT DERIVED BY USING THIRD DEGREE SHAPE
FUNCTIONS

Generally, the substructures or structural elements modelled as thin walled open
bars are acted by distributed twisting moments that occur due to the eccentricities
of forces with respect to the shear centres and also by concentrated twisting
moments and bi-moments.
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The stress and strain state is evaluated by using the finite element method in the
variant of Galerkin’s procedure, where, as shape functions (I’Hérmite functions)
are adopted polynomials of different degrees. Generally, the polynomials of higher
degree assure more accurate results.
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Fig. 1. Finite element DOF

It is considered a finite element (Fig. 1) with two degrees of freedom at
each node: the twisting angle ¢! and its first order derivative, ¢/, that is the
warping.
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The corresponding nodal forces are represented by the total twisting
moment M _ and by the bi-moment B .

There are expressed the column vector of nodal displacements and the
column vector of nodal forces:

2 Mxl
' B
=1 S=y, (1)
2 X,
¢; sz

The twisting angle ¢, (x) which must satisfy the torsion governing equation

4 2
B, 42 g, 40
1 2

dx dx

for a thin walled open member is approximated by a third degree polynomial:

=—mx

0,(x)=a, +ax +a,x* +ax’ 2)
or

0. (x)=P" 3)
where

PT :[1 x x? x3], a=la, o, a, o] 4)

By using the boundary conditions:

o0)=p:  olt)=p, )
0)=0;  ¢)=0

the vector of generalised co-ordinates {a} can be expressed in terms of nodal
displacements:

a=4-d, (©)
where
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By substituting (6) in (3), the expression that states the relation between the
displacement field and the nodal displacements is obtained:

9. (x)=N"-d, (8)

where N represents the shape function matrix:

NT=P".4=[N, N, N, N,] )
3x2 2x° 3x2 2x°

le _£—2+(—3 N1=1—£—2+£—3 (10)
3x? 2%° x> X

N3=£—2—(—3 N4=—7+£—2 (11)

By replacing the approximate adopted solution in the governing equation, the
following residual results
d*p d’e
© ¢ -Gl +m (x)#0 (12)
dx* Loax? ( )

g(x) =FEI
that is used in Galerkin’s functional, which must be minimized.

I, =

1

4 d4¢
N, (x)- &(x)dx =EIwJ-Ni(x)—4€dx -
0 dx

O C—y

e , (13)
~61, [ §, (W)
0

2

¢
o dx + J;Ni (x)m, (x)dx =0

The first two terms are integrated by parts

= (of 01, 22, (9] | + L)y o -

0 0
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¢ (Y] 2
+E1wjd N;(x)-d—(’;edx+ (14)
0 o dx dx

d
~GIN, (1) 7

‘
+ Gl
t-([ dx dx

dN,(x) do. , f N, (x) . (x)dx

When ¢, (x) in substituted in the previous relation by its expression (8), the finite
element force-displacement relation is obtained
12 6/ —-12 6L
60 40> —60 202
BAll-12 -6t 12 —6r|
60 20% —60 402

6 £ 6 /
5 10 5 10 B
Lot 02| e 2| [Mx
2,2l10 15 10 30|| J9 12 |_) B
+k%0 6 1 6 1 o +my i = My (15)
5 10 5 10 b 2 By,
o2 2
10 30 10 15 12
where
GI
k= | = 16
b (16)

In relation (16) E is the longitudinal modulus of elasticity for the material, G is
the shear modulus of elasticity, /, and /, are geometrical properties of the bar
section, that is the warping moment of inertia and the St. Venant torsional moment
of inertia, respectively.

The structural force-displacement relation is obtained by using the assembly
procedure. In this process the boundary (support) conditions are imposed and
finally, the nodal displacements, twisting moments and bi-moments at each mode
can be evaluated.
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3. FINITE ELEMENT DERIVED BY USING FIFTH DEGREE SHAPE
FUNCTIONS

In comparison with the previous discussed finite element, this one, pictured in Fig.
2 is provided with three degrees of freedom at each node: the twisting angle ¢ and

its two derivatives ¢ and @" .

In these circumstances the two vectors of nodal displacements and forces become:

¢l Mxl
» B,
14 0
d, =" s = Iy (17)
¢2 X,
?; B,
®5 0

In this case the displacement field if approximated by a fifth degree polynomial:

0o(x)= ag + agx + anx® + a3 + agx + a5y (18)

or shortly written:
¢, =P -a
where
PT=[1 x x> X Xt xs], az[ao o, o, ay a, a5]T (19)

By expressing the boundary conditions at the extremities of the finite element the
vector of generalized coordinates {a} is obtained according to relation (3), but in
the new case

! 0 0 0 0 0 |
0 1 0 0 0 0
0 0 1 0 0 0
10 6 3 10 4 1
A=|"",3 ~ 2 T, 53 T 2 5 (20)
l )4 20 / l 2/
PR S T 1
14 2/ Y4 14 )4
6 3 1t 6 3 1
AN AR VAR A o207 ]
The new form of the shape function matrix becomes
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(e2)

The same procedure is followed as in the previous case and after expressing the
residual &(x) and Galerkin’s functional, the finite element force-displacement

relation can be written as:

120 6o 32 120

7 7 7 7

600 19202 1167 60(

7 35 35 7
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4. CONCLUSIONS
The analysis of thin-walled bars subjected to torsion is a frequently met problem in
the structural design.

In order to eliminate the restrictions imposed in order to find the analytical
solutions of the governing equation, the finite element method is approached.

In this method there are several possibilities of adopting adequate finite elements
and among them, two types of linear finite element are considered.

Generally, the higher order of shape functions yield to more accurate results of the
analysis.
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